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TL;DR

Main Result: we solve for the optimal randomized truncation to a quantum state.

Open Question: applications?
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We present a numerical method to simulate the time evolution, according to a generic Hamiltonian
made of local interactions, of quantum spin chains and systems alike. The efficiency of the scheme
depends on the amount of entanglement involved in the simulated evolution. Numerical analysis
indicates that this method can be used, for instance, to efficiently compute time-dependent properties
of low-energy dynamics in sufficiently regular but otherwise arbitrary one-dimensional quantum
‘many-body systems. As by-products, the density matrix
group method.
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Why?



Classical randomness helps when approximating quantum processes

Reason 1: Convex hull
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Q: Does randomness help for truncation?

» Truncate |+)(+]| to a I-sparse state

» We get T(|+),|0)) = % and similarly for |1)

> But T(|+),1/2) = 31/2 = [+){+ll1 = 1/2

» So error /¢ — ¢

A: Yes.

(FVDG, pure)  1—-F?< T <1-F2
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So far: (i) truncating quantum states is important, & (ii) randomization often helps
quadratically

Q: Can we solve for the optimal randomized truncation?

|.e., we want

Algorithm 1.
Given: [), k, |1

Output: {(px, |¥x))}x such that
1. |¢x) € SRk ¥x, and

2. p=>_, pxlex)(¢x| minimizes distance to |¢)) in |||

Let's focus on worst-case error, trace distance: T(p,0) := 1|lp — o1
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Caution:
1. Deciding if a mixed state p € Sep is NP-hard.
2. Let Zy := conv{|w)(w| : |||w)|lo < k}. We prove the following theorem:

< Mixture of
k-sparse

Theorem (this work, [JLRS'25]). [t is NP-hard to
decide if p € I.

. so don't expect a general algorithm that solves min,ez, T(p, o) or
minycs, T(p, o)t for mixed states.

"Here, Sk := conv{|w)(w]| : |w) € SR«}.
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Main Result

For a given pure state 1) € CY we give efficient algorithms to solve for the optimal
randomized truncation in trace distance (or robustness).

» solve for means:
1. compute T* := minsez, T(|¢),0)
2. compute an optimal o* € Z in the standard basis
3. sample {(px, |[¢x))} such that o* =3 pylex) (@x|.

» efficient means: poly(d) time.
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How to Randomly Truncate

Assume |¢) € RY
» k-sparse rtrunc:

19) o< [1) + - A Y1 |k —r = 1)+ 0(lj1) + -+ + 1)),
where S = (Jj1,...,jrs1) C{k—r,... 0 — 1}, SPrUGS] :%—/\
~p
> then o* = Es.,|{) (1| satisfies T* = T(|1),0*)

> look for the correct r,/ —  determines A



How to Sample Indices

Represent using x € {0,1}" with [x| =sfor1 <s<n-—1.



How to Sample Indices
Represent using x € {0,1}" with [x| =sfor1 <s<n-—1.

Problem: distribution has support on (1) strings...



How to Sample Indices
Represent using x € {0,1}" with [x| =sfor1 <s<n-—1.
Problem: distribution has support on (1) strings...

Solution: use a Gibbs distribution



How to Sample Indices
Represent using x € {0,1}" with [x| =sfor1 <s<n-—1.
Problem: distribution has support on (1) strings...

Solution: use a Gibbs distribution

“s non-interacting
fermions in n energy
levels p, ..., pn."

7<X“U,>
€ —(x
pul) = S g =Yt
H X




How to Sample Indices
Represent using x € {0,1}" with [x| =sfor1 <s<n-—1.
Problem: distribution has support on (1) strings...

Solution: use a Gibbs distribution

“s non-interacting
fermions in n energy
levels p1, ..., pwn."

7<X7H'>
€ —(x
Pulx) = —5—. Zy=) et
H x

Known algorithms to:
» compute Z,,, q(i) := Pry~p,[x; = 1], and two-element marginals [CDL'94, Til'06]

» sample from p,
> we give an improved algorithm in this work, O(ns) improved to O(nlog n)
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Q: how to find the right 1 € R", given g € R"?

A: solve for /1 minimizing gq().

— Why do this?

—— Can we do this?

gq(1) = (q, 1) + log(Z,) =H(p") +D(p"|pn)

|

linear convex

...and gradient is V,,g4(1t) = g — q(1)
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Outlook
Main Result: we solve for the optimal randomized truncation to a quantum state.

Some future directions:
» More applications
> Systematic numerics for MPS, time evolution of quantum many-body systems

v

Improved runtime guarantees
> Suspect O(d®) time suffices (comparable to SVD)

Other metrics besides trace distance and robustness?

v

Minimax perspective to compute optimal randomized unitary synthesis

v

Application beyond quantum states?

v



@ The Approximation of One Matrix by Another of Lower Rank
C. Eckart and G. Young
Psychometrika, 1(3) (1936)

@ Multi-qubit Toffoli with exponentially fewer T gates
D. Gosset, R. Kothari, and C. Zhang
preprint (2025)

@ Error mitigation for short-depth quantum circuits
K. Temme, S. Bravyi, and J. M. Gambetta
PRL Vol. 119 Iss. 18 (2017)

@ Cat Icon
Shannon B.
Noun Project (CC BY 3.0)



Dice Icon
leo-graph.com
Noun Project (CC BY 3.0)

Soccer Net
Haven Kirby
Noun Project (CC BY 3.0)

Soccer Ball

sm kang
Noun Project (CC BY 3.0)



	Overview
	Truncation
	Randomized Methods in QI

	Appendix
	Appendix
	For Further Reading



