
Randomized Truncation
(of Quantum States)

Aram Harrow (MIT) Angus Lowe (MIT) Freek Witteveen (CWI/QuSOFT)

March 10, 2026

arXiv:2510.08518



TL;DR

Main Result: we solve for the optimal randomized truncation to a quantum state.

Open Question: applications?
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subject to rank(M̃) ≤ k
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Classical randomness helps when approximating quantum processes

Examples:
▶ n-qubit Toffoli [GKZ’25]

−→ fewer T -gates

▶ error mitigation [TBG’17]

−→ ...noise-free ops.

▶ qDRIFT [Cam’18]

−→ ...Trotter steps

Why?
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Classical randomness helps when approximating quantum processes

Reason 1: Convex hull

U1

U

U2

F



Classical randomness helps when approximating quantum processes

Reason 2: Two-player game

min
F

∥U − F∥⋄ =

min
F

max
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Q: Does randomness help for truncation?

▶ Truncate |+⟩⟨+| to a 1-sparse state

▶ We get T (|+⟩ , |0⟩) = 1√
2
, and similarly for |1⟩

▶ But T (|+⟩ , I/2) = 1
2∥I/2 − |+⟩⟨+|∥1 = 1/2

▶ So error
√
ε→ ε

A: Yes.

(FvDG, pure) 1 − F 2 ≤ T ≤
√

1 − F 2
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Quadratic Advantage

▶ If
√
ε ≡

√
1 − F 2 is the best dtrunc TD, the best rtrunc TD is

(FvDG, pure) ε ≤ T ≤ √
ε, ε ≡ 1 − F 2

▶ When does quadratic advantage
√
ε→ ε occur?

▶ Let ψj ∝ j−γ for γ ≥ 0. For large dimensions, T ∼ εα:



Quadratic Advantage

▶ If
√
ε ≡

√
1 − F 2 is the best dtrunc TD, the best rtrunc TD is

(FvDG, pure) ε ≤ T ≤ √
ε, ε ≡ 1 − F 2

▶ When does quadratic advantage
√
ε→ ε occur?

▶ Let ψj ∝ j−γ for γ ≥ 0. For large dimensions, T ∼ εα:



Quadratic Advantage

▶ If
√
ε ≡

√
1 − F 2 is the best dtrunc TD, the best rtrunc TD is

(FvDG, pure) ε ≤ T ≤ √
ε, ε ≡ 1 − F 2

▶ When does quadratic advantage
√
ε→ ε occur?

▶ Let ψj ∝ j−γ for γ ≥ 0. For large dimensions, T ∼ εα:



Quadratic Advantage

▶ If
√
ε ≡

√
1 − F 2 is the best dtrunc TD, the best rtrunc TD is

(FvDG, pure) ε ≤ T ≤ √
ε, ε ≡ 1 − F 2

▶ When does quadratic advantage
√
ε→ ε occur?

▶ Let ψj ∝ j−γ for γ ≥ 0. For large dimensions, T ∼ εα:



So far: (i) truncating quantum states is important, & (ii) randomization often helps
quadratically

Q: Can we solve for the optimal randomized truncation?

I.e., we want

Algorithm 1.

Given: |ψ⟩, k , ∥·∥
Output: {(px , |φx⟩)}x such that

1. |φx⟩ ∈ SRk ∀x , and
2. ρ =

∑
x px |φx⟩⟨φx | minimizes distance to |ψ⟩ in ∥·∥

Let’s focus on worst-case error, trace distance: T (ρ, σ) := 1
2∥ρ− σ∥1
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Caution:
1. Deciding if a mixed state ρ ∈ Sep is NP-hard.
2. Let Ik := conv{|w⟩⟨w | : ∥|w⟩∥0 ≤ k}. We prove the following theorem:

Theorem (this work, [JLRS’25]). It is NP-hard to
decide if ρ ∈ Ik .

. . . so don’t expect a general algorithm that solves minσ∈Ik T (ρ, σ) or
minσ∈Sk

T (ρ, σ)1 for mixed states.

1Here, Sk := conv{|w⟩⟨w | : |w⟩ ∈ SRk}.
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Main Result

For a given pure state |ψ⟩ ∈ Cd we give efficient algorithms to solve for the optimal
randomized truncation in trace distance (or robustness).

▶ solve for means:
1. compute T ⋆ := minσ∈Ik

T (|ψ⟩ , σ)
2. compute an optimal σ⋆ ∈ Ik in the standard basis
3. sample {(px , |φx⟩)} such that σ⋆ =

∑
x px |φx⟩⟨φx |.

▶ efficient means: poly(d) time.
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How to Randomly Truncate

Assume |ψ⟩ ∈ Rd

▶ k-sparse dtrunc:

|ψ̃⟩ ∝ ψ1 |1⟩+ · · ·+ ψk |k⟩

▶ k-sparse unbiased:

|ψ̃⟩ ∝ ψ1 |1⟩+ · · ·+ ψk−r−1 |k − r − 1⟩+ θ
(
|j1⟩+ · · ·+ |jr+1⟩

)
,

where S ≡ (j1, . . . , jr+1) ⊂ {k − r , . . . , d}, Pr
S∼p

[j ∈ S ] =
ψj

θ

▷ so ES∼p|ψ̃⟩ = |ψ⟩
▷ freedom to pick r
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How to Sample Indices

Represent using x ∈ {0, 1}n with |x | = s for 1 ≤ s ≤ n − 1.

Problem: distribution has support on
(n
s

)
strings...

Solution: use a Gibbs distribution

pµ(x) =
e−⟨x ,µ⟩

Zµ
, Zµ =

∑
x

e−⟨x ,µ⟩
“s non-interacting
fermions in n energy
levels µ1, . . . , µn."

Known algorithms to:

▶ compute Zµ, q(µ) := Prx∼pµ [xj = 1], and two-element marginals [CDL’94, Til’06]

▶ sample from pµ
▷ we give an improved algorithm in this work, O(ns) improved to O(n log n)
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we know the right marginals qj := Prx∼p⋆ [xj = 1] (recall ψj

θ − λ)

Q: how to find the right µ ∈ Rn, given q ∈ Rn?

A: solve for µ⋆ minimizing gq(µ).

−→ Why do this?

−→ Can we do this?

gq(µ) := ⟨q, µ⟩ + log(Zµ)

= H(p⋆) + D(p⋆∥pµ)

linear convex

...and gradient is ∇µgq(µ) = q − q(µ)
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Optimality Proof Sketch

T ⋆ = min
σ∈Ik

1
2∥|ψ⟩⟨ψ| − σ∥1 = min

σ∈Ik
max

0⪯M⪯I
tr (M(|ψ⟩⟨ψ| − σ)) .

Whiteboard...



Optimality Proof Sketch



Outlook

Main Result: we solve for the optimal randomized truncation to a quantum state.

Some future directions:
▶ More applications

▷ Systematic numerics for MPS, time evolution of quantum many-body systems

▶ Improved runtime guarantees
▷ Suspect O(d3) time suffices (comparable to SVD)

▶ Other metrics besides trace distance and robustness?

▶ Minimax perspective to compute optimal randomized unitary synthesis

▶ Application beyond quantum states?
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