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Results

We study a quantum channel that simultaneously reduces the dimensions of multiple input states 
while preserving certain symmetric properties of the input.

This leads to improved upper bounds for several quantum learning tasks.

This also completes the story for optimal quantum tomography without representation theory.
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VV’11 – Valiant & Valiant. Estimating the unseen… (STOC’11)
WY’16 – Wu & Yang. Chebyshev polynomials… (Ann. Statist. 47(2))
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Given: 𝑛 copies of a quantum state 𝜌 ∈ ℂ#×# with eigenvalues 
𝜆% ≥ ⋯ ≥ 𝜆& ≥ 𝜆&'% = 0
Output: 𝜆̂ which is close in TV distance to 𝜆%, … , 𝜆# .

Problem (Spectrum learning)

Step 1: Weak Schur sampling

Step 2: Empirical Young diagram [KW’01]

𝜌⊗" ≅=
*⊢"

𝐼𝒫! ⊗𝑞*
#(𝜌)

…
…

irreps of 𝒮!  and 𝕌(𝑑) 

𝑂 𝑟)  copies suffice1 independent of 𝑑

1Recently (last week) improved to 𝑂 𝑟" #$% #$% &
#$% &

 [PSTW’26] [PSTW’26] – Pelecanos, Spilecki, Tang, Wright. The Keyl-Werner 
algorithm is not optimal... (2026)
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is a random purification, satisfying tr) 𝜙0⟩⟨𝜙0 = 𝜌

Theorem (Random purification channel [TWZ’25])

Recall: Full state tomography has sample complexity 𝑂 dim 𝜌3 )  [HHJWY’16, OW’16]
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[OW’16] – O’Donnell & Wright. Efficient quantum tomography. (STOC’16)

[HHJWY’16] – Haah et al. Sample-optimal quantum state tomography. (STOC’16) [TWZ’25] – Tang, Wright, Zhandry. 
Conjugate queries can help. (2025)
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Problem (Fidelity estimation)

If 𝜌 and 𝜎 both have rank at most 𝑟, then UΘ 𝑟)  copies suffice [UNWT’25]

Q: Can we see this again with the random purification channel?

[UNWT’25] – Utsumi, Nakata, Wang, Takagi. Quantum algorithms for the Uhlmann transformation. (2025)
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𝒫(&) tr%
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Attempt 1:

Attempt 2:
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ℛ
Then hopefully we also have
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where 𝜌3, 𝜎3 have rank 𝑂 𝑟 , and contain information about the eigenbases of 𝜌, 𝜎
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𝜌⊗"⊗𝜎⊗"
ℛ

𝜌3
⊗"⊗𝜎3

⊗"

For 𝜌, 𝜎 with ranks at most 𝑟,

tomography
𝜌̂3, 𝜎̂3 estimate properties

If 𝑓 𝜌, 𝜎  is symmetric and continuous, so that 𝑓 𝜌̂3, 𝜎̂3 ≈ 𝑓 𝜌, 𝜎 , then 𝑛 = 𝑂 𝑟)  copies 
suffice.
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Efficient implementation

Schur Schur -1

ℂ# ⊗" ≅=
*⊢"

𝒫*⊗𝒬*
#

𝒫*

𝒬*#

𝜆

𝐼
dim 𝒬*

5

𝑋 ℛ 𝑋

See also [YSM’23]

[YSM’23] – Yoshida, Soeda, Murao. Universal construction of decoders from encoding black boxes. (Quantum 7, 2023)
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Recall the Choi-Jamiolkowski isomorphism

𝐽𝒩 = id⊗𝒩 Γ⟩⟨Γ , |Γ⟩ =i
12%
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This means ℛ 𝑋 = tr% 𝐽ℛ 𝑋A ⊗ 𝐼 .
Usually, not CP

Q: what is 𝒫 𝑋 ≡ 𝐽ℛ 𝑋A ⊗ 𝐼 ?

A: the random purification channel, when restricted to exchangeable inputs 𝑋, e.g., 𝜌⊗"
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Quantum tomography revisited
Optimal quantum tomography with 𝑛 = Θ 𝑑𝑟  copies no longer requires representation theory to 
describe.

𝜌⊗" 𝜙0⟩⟨𝜙0 ⊗"
𝒫(&) Pure tomography

|𝜙0⟩

Pure tomography with 𝑛 = 𝑂 𝐷  copies: just uses church of the symmetric subspace [Har13].

(Observed in [PSTW’26])

|𝜙0⟩ is 𝐷-dimensional with 𝐷 = 𝑑𝑟.

rtr 𝐷 𝑛 𝑢⟩⟨𝑢 ⊗" ⋅ 𝜓⟩⟨𝜓 ⊗" ⟨𝑢 𝜓⟩|)𝑑𝑢 = 𝐷 𝑛 tr r 𝑢⟩⟨𝑢 ⊗"'% 𝑑𝑢 ⋅ 𝜓⟩⟨𝜓 ⊗"'%

=
𝐷 𝑛

𝐷 𝑛 + 1

≈ 1 −
𝐷
𝑛[PSTW’26] – Pelecanos, Spilecki, Tang, Wright. Mixed state 

tomography reduces to pure state tomography. (2025) [Har13] – Aram Harrow. The Church of the symmetric subspace. (2013)



Conclusion

• Random dimension reduction sets baseline for the sample complexity of 
learning symmetric quantum properties. When can we beat it?
• First example recently shown in [PSTW’26].

• Our construction also shows that it can be useful to apply the Schur transform 
to states of the form 𝜌⊗"⊗𝜎⊗#

• Minimum vs maximum rank: for fidelity estimation, natural dependence is on 
the minimum rank. Can we derive an upper bound of 𝑂 𝑟min

$ /𝜀$ ?

• Robustness: approximate, not exact, low rank is a more physically realistic 
assumption.

[PSTW’26] – Pelecanos, Spilecki, Tang, Wright. The Keyl-Werner algorithm is not optimal for spectrum estimation (2026)


